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Hypersonic Flow over an Oscillating Wedge

8. C. McInTosH Jr.*
Stanford Unaversity, Stanford, Calif.

The equations of hypersonic small-disturbance theory are perturbed for small oscillations
of a thin, semi-infinite, flexible wedge. A solution for arbitrary smooth mode shapes is
found in terms of infinite series. These series express the effects of acoustic waves, generated
by the unsteady motion, that propagate in the flow field between the bow shock wave and
the wedge surface. They reflect from the wedge surface and the shock wave, but they are at-
tenuated only at the shock wave. Thus the degree of attenuation determines the influence of
the waves. This attenuation decreases as the shock strength increases. It is then shown
that the results from more approximate methods, such as piston theory and others that
attempt 1o account for a strong bow shock, can be reproduced by successively neglecting
terms in the “complete” solution. It appears that the most significant contribution of the
complete solution is to change the phase shift of the unsteady pressure. Finally, it is shown
that the complete solution is the only one that will produce an adequate representation in the

double limit of very large Mach number and adiabatic exponent near unity.

Introduction

YPERSONIC flow is distinguished by the fact that

the governing equations are nonlinear even for the flow

over slender bodies. From the viewpomnt of unsteady aero-

dynamics, this means that the body cannot be idealized to a

surface of zero thickness; it will create a shock wave whose
effects on the ensuing flow must be considered.

Piston theory has been widely used as a first step in ap-
proximating such effects. The theoretical basis for piston
theory has been known for many years, but it is generally
accepted that Lighthill' was the first to recognize its utility.
The theoretical and practical limitations on its applicability
to aeroelastic problems have been studied by Ashley and
Zartarian,? among others. The basis for using a piston
formula in hypersonic flow is provided by the unsteady
analogy of hypersonic small-disturbance theory.»* It is
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found that the reduced equations for this theory will trans-
form directly to those for unsteady flow in the transverse
plane. For example, we may replace a two-dimensional
steady or unsteady problem by that of a one-dimensional
piston moving in a tube filled with a gas. The velocity of the
piston is identified with the velocity imparted to the fluid by
the body. If the original problem is unsteady, there is an
additional term due to the motion of the body. However,
the character of the piston problem is unchanged, and so in
principle there is no difference between steady and unsteady
flow in hypersonic small-disturbance theory. In general, the
piston will generate at least one shock wave, which corre-
sponds to the bow shock wave.

The problem is greatly simplified by assuming that the pis-
ton generates only acoustic waves, for then there exists a very
simple relation between the velocity of the piston and the
pressure on the face of the piston which corresponds to the
surface pressure. The pressure thus caleulated gives excel-
lent results provided a number of conditions are met; the
details are in Refs. 1 and 2. Physically, this approximation
does not take into account three phenomena: the effect of
the bow shock wave on the flow, the effect of any interaction
between subsequent waves and the bow shock wave, and the
effect of waves stronger than acoustic generated by the un-
steady motion of the body. For most purposes, the third
restriction is not serious, sinee it is equivalent to linearization
in the amplitude of the unsteady motion; indeed, this is all
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Fig. 1 Coordinate system.

that is usually desired for an aeroelastic stability analysis,
such as a flutter analysis. The other two restrictions may or
may not be serious. However, it is evident that as the Mach
number increases the effect of the bow shock wave will become
significant.

As a next step, one might then consider perturbing the
steady flow behind the shock wave, rather than the free-
stream, for the unsteady motion. We illustrate this by re-
ferring to a paper by Miles.5 He writes the plane-wave rela-
tion for small unsteady perturbations of a steady flow as

P = pav’ ey

where $’ and 7’ are, respectively, the perturbation pressure and
the perturbation velocity normal to the wavefront, and p and
a are, respectively, the local density and sonic speed. The
usual piston-theory formula is obtained from this by expand-
ing the acoustic relations to second order to obtain 5 and a.
We can correct more accurately for the shock wave by using
the shock relations written for hypersonic small-disturbance
theory.%® However, these relations give not only 5 and a,
but also $, the pressure, as a function of the instantaneous
piston velocity. Thus we can calculate p and @ by using
only that part of the piston velocity due to the slope of the
body, or we can add the term due to the unsteady motion of
the body and substitute this in the pressure shock relation.
Miles illustrates the difference between these two choices by
using the “strong-shock’ relations. If we use them to calcu-
late p and @, we obtain from Eq. (1)

¥
2(v = 1

where v is the adiabatic exponent, M, the freestream Mach
number, and & the local steady surface slope. The subscript
o refers to freestream conditions. We note that the assump-
tions used to derive this expression become questionable as
v — 1. If, on the other hand, we use the pressure shock rela-
tion with both terms for the velocity and linearize in ¥, we
obtain

/2
p=(y+1) [ T Peollcr M 00" 2)

P = (v + Dpelel 00" ®3)

The unsteady pressure from FEq. (2) is larger than that from
Eq. (3), and the difference increases as v — 1. Miles sug-
gested that Fq. (3), being more of a “tangent-wedge” approxi-
mation, would be better for motions involving the body as a
whole, whereas Eq. (2) would be better for motions involving
small portions of the body.

In addition, Zartarian, Hsu, and Ashley® suggested em-
ploying the unsteady analogy in reverse to obtain an equiva-
lent problem in steady flow. Thus an unsteady problem
would be reduced to a steady problem, with the body shape
distorted slightly to account for the unsteady motion. The
surface pressure is then found with the shock-expansion
method.”»8 The heart of this approximation is that waves
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generated by the irregularities on the surface (as well as by
the basic surface) are strongly attenuated at the bow shock
wave and thus that their downstream effects are negligible.

Finally, as the Mach number becomes very large, we enter
the domain of Newtonian theory, characterized by the double
limit M, = o, v — 1.

We propose to find a solution to an unsteady problem which
will permit us to compare these theories on a systematic basis.
This solution will still contain only the linear effects of the
unsteady motion, but it will take into account all the other
effects that were neglected. In particular, we will comment
on Miles’ conjecture, examine the attenuation of waves at
the bow shock, and pursue further the relationship between a
solution in hypersonic flow and its counterpart under New-
tonian conditions.

The choice of a wedge is dictated primarily by the simpli-
city of the basic flow. Also, we note that Carrier® 1 used
the wedge to study unsteady thickness effects in supersonie
flow and that this solution was extended by Van Dyke.!t

Hypersonic Small-Disturbance Theory

General Problem and Solution

Let z and 7 be the coordinates in a Cartesian coordinate
system aligned with & thin semi-infinite wedge as shown in
Fig. 1. The velocity U. of a uniform inviscid freestream of a
perfect gas is aligned with the Z axis. The slope of the
steady bow shock wave is 7; the corresponding wedge slope
is 8 = br. The time, the velocity in the Z and § directions,
the pressure, density, Mach number, and ratio of specific
heats are denoted, respectively, by i, @, 9, p, 5, M, and ~;
the subseript « indicates freestream values. In accordance
with Ref. 4, we introduce the following new (unbarred) in-
dependent and dependent variables in the usual unsteady
equations of continuity, momentum, and entropy:

a(Z, §, 1) = Usll + r2u(z, y, )]
77(3-:; b, f) = Umﬂ)(x: Y, t)

5, 4, 1) = poplz, y, D )
P& G, 1) = PovMar2p(a, y, 1)
= g=r1y Ve =t

The unbarred variables are assumed of order unity. When
terms of 0(72) or smaller are neglected, the resultant equations
are )

p: + p. + (pv), = 0 (continuity)
v, + v, + w, + p./p = 0 (y momentum)

AV ®
(bt + 5% + v by) o 0 (entropy)

U + Uz + vy + po/p = 0 (x momentum)

The letter subscripts signify partial differentiation. The x
momentum equation is decoupled from the others and is not
considered further.

We will describe the upper surface of the oscillating wedge
as the real part of ¢

Fo = Tbr — @el £,(%) (6)

where @ is the amplitude of the oscillation, w its frequency,
fw its mode shape, and 7 = (—1)V2 It is important to note
that f, may be used to represent the oscillation of a rigid or a
flexible wedge. We assume that f, and f.,’ are of order unity,
and that & is small. The lower surface is found by reversing
the sign of & We now restrict ourselves to the upper sur-

T It will be understood that throughout this paper we con-
sider the real part of all complex expressions.
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face, noting that the solution for the lower surface can be ob-
tained simply by changing this sign. In reduced variables,
the upper surface becomes

Yo = br — ae™ f,(2) )

where b = w/U. and a = &/r. We assume k of order unity,
and we assume that « is small, so that the actual amplitude @&
must be small compared with 7. Similarly, we describe the
shock wave as

Ys = & — ae () ®)

The unknown shock-wave perturbation f, and its derivative
are also assumed of order unity.
The dependent variables are perturbed as follows:

plx, y, ) = po + aeip(, y)
plx, y, ) = po + ae®p(z, y) )
1)(18, Y, t) = + aeiktvl(xy y)

These expressions are substituted into the first three equa-
tions of Egs. (5). Retaining only terms of 0(a), we obtain

. o] o)
<1k+8:‘[+7)oa—y>l)1+/307)1y=0

20 4, O\t _
(?,k + 5 + v by) P 0 (10)

. o] o]
<’Lk -+ a‘x + vy 8;/) (polh - ’Ypopl) =0

These equations can be greatly simplified by further trans-
formation of the independent and dependent variables. For
the independent variables, we write

n =Y = U £=1z (11)

Since lines y — vz = const are streamlines in the unperturbed
flow behind the shock wave, we see that this is a von Mises
transformation. For the dependent variables, we write

ulz, y) = e~ *HVi(E, )
mx, y) = e HFPIE ) (12)
pu(x, y) = e HER(E, )

These transformations are then applied to Eqgs. (10). We find

Rig+pV =0 (13a)
Vie + Pra/po = 0 (13b)
(0/08)(poPr — vpoR1) = 0 _ (13c)

We use Eq. (13¢) to eliminate Riz in Eq. (13a), thereby ob-
taining two equations for P; and V,. These two equations are
then cross-differentiated and combined to give separate equa-
tions for P; and V;

Vlgg - aonh,,, =0
(19
Pigg — a®P1gy = 0
where @y = vpo/pe. These equations are readily integrable
in terms of four arbitrary functions. Their number can be
reduced to two by substituting the solutions for P; and V;
into Eq. (13b) and comparing functions of the same inde-
pendent variable. Finally, R, is obtained by integrating Eq.
(13¢). Thus we have in summary

Vi=foln — @b + g.(n + @)
Py = (ypopo)¥? [fo(n — @) — g-(n + aof)] (15)
Ri = [fo(n — b — g.(n + @) ]pe/a0 + S(n)

The unknown function S(n) comes from integrating Eq.
(13¢). S, fo, gu, and the unknown shock shape f, are the four
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functions that are to be determined from three shock relations
plus a tangency condition at the wedge surface.

The shock relations are obtained by perturbing Egs. (22)
of Ref. 4. These equations give the pressure, velocity, and
density at the shock wave in terms of v and the hypersonic
similarity parameter based on the local shock-wave slope.
For the latter we substitute the expression

o] o]
Mor <& + a_x) Yo = Morll — ae(f) + ikf)] (16)

' The pressure, velocity, and density at the shock wave are

given to 0(a) by evaluating them at the unperturbed shock
position ¥ = z. The results are
_2yK?— (y — 1) 4
vy + DK? v+1
2(K2 — 1) 2(K2+41)

SR 1] R T R

=M[1_#
P2t (v - DK? 2+ (y — DK>

ac (! + z‘kf.o]

ae®(f," + ikfs)

(17)
X

aty = 2. K = Mot is the hypersonic similarity parameter
based on the unperturbed shock-wave slope. The tangency
condition is given by
p = E—FQ Yo = b — ae®(f,’ 4 ikf,) aty = bz (18)
of  ox) 7" * w 8bY

We note that po, v(=b), and pe are given by the leading terms
in Egs. (17). The boundary conditions for the perturbation
quantities are then found by transforming according to Eqs.
(11) and (12)

4

b= - T ANt
2K+ 1),
vy = —mfs ® atg = (1 — D& (19)
- 4po *
Ri=—5+ o — 1)Kgfs ®
Vi=—f*&atn=0
where

J*E) = (d/dp)[e*u(8)]
Fo*(§) = (d/dE)[e*5fu ()]
Substituting then for P, V;, and R;, we find
fil=ad) + go(ad) = —fu*(§)
fo(=48 — g.(BE) = —Df.*(§) ,
(=48 + ¢g.(BE = —Cf*(E) o2y
(po/a0) [fo(—A&) — g.(BE] + S[EA — b)] =

(20)

—Ef*(®)
where
A= —-0—0b—a)
B=1-% + (25}
oo 24D
(v + DE? o2
4
D= — .
(v + 1) (vpopo)/?
- 4po
E=ovo -
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Fig. 2 Attenuation factor and reflection coefficient vs
inverse of hypersonic similarity parameter.

By manipulating the first three equations of Egs. (21), we ob-
tain a functional equation for f, alone:

Fo&/T) + Mu(§) = Fu*(E/T) (23)
where
I'=A/B
A= (C~-D)/IC+ D) (24)

Fu*&) = —fo*(— &/a0)

The parameters A and I’ are both positive and smaller than
unity, as ean be seen in Fig. 2, where they are plotted vs 1/K
for v = 1.4.

Tquation (23) is similar to one solved by Chu,'* who was in-
terested in the steady interaction of Mach waves with strong
shock waves. The general solution of this equation is a
particular solution plus any multiple of the homogeneous
solution. TFollowing Chu, we write the particular solution as

Fo(E) = Fu*(E) — NEATE + NFAT%) — ... =
T (=N (25)
n =0

Asn — o, both (—\)= and I'* approach zero. F,* related
through Eqs. (24) and (20) to fu, is of order unity. Thus it
is clear that this series is convergent.

To obtain the equation for the homogeneous solution, we re-
arrange Eq. (23) with the right-hand side zero:

fa(TE = =1/ Nfu(d) (26)

This equation can be interpreted as a recursion formula.
Given f.; at some point £ we can calculate it at a number of
other discrete points I'»& by the formula,

a8 = (=N "u() 27

As n — o, the sequence I'n£ approaches zero, and for any
nonzero value of f.(£), the sequence (—X) ~~fur(£) diverges.
Therefore we must set the constant multiplying the homo-
geneous solution equal to zero, since we reject any solution
that diverges at the vertex of the wedge.

A
7
y y-(eradx=Cy
Fe i .
y-berag)x Bl y-bragx-C, Fig. 3 Itropagatlon
TCy, P of disturbances
1 CL E along characteristic
7 lines
T .
H/ N 5
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The remaining functions g, S, and f.* are found by further
manipulation of Egs. (21); then f.* is integrated to give f..
We find

W(E) = — 3 (=NFH=T)
n =1

20-ik o .
£.(8) = C'e—{— 5 ng ) (— \) neih (4 /an)t fw<I‘n 310 g> _
£u©)
; RE)
St = = 55 X

{(7 ~ DE‘+ 20y + DK — (v = 1)} %
2+ (v — DE2vE® — (v — 1)]

(=N <_ r- M b)
n =20

We can now summarize the perturbation flow quantities
and shock-wave shape in terms of the variables of hypersonic
small-disturbance theory:

pi(E, y) = —e=# (ypopo) /2 X
{ni=0 (=N f,* ["‘ %: (y — v — aox)] +

j2=<—x>nfw* [Zl W — v + am]}

vl(x: y) = —g T X
{éo (=N > [— 2y am] -
A P |

n=1

oz, y) = —e"“"%’ X (29)

(T
n =20
21 (= N)f* [%ﬂ (y — vor + aox)}} +

Ge—ikz i (—=N)af,* I:I-\n (y — vox)A:l

2 =0 a(1 — vo)

(=N * [— Sy e - aox>].+

£ = e | o2

S N\ ngtk'n(A/a)z né > — fi(o}:l

ngo( \) e fw<I‘ aox o

G- _Sm {(7 — DK +2(y + DK — (y — 1)}
C+D2+ (v — DE?[2vK® — (v — 1)]

Of primary interest are the unsteady forces and moments
on the wedge. Hence we calculate as well the difference be-
tween the pressure coefficients on the lower and upper sur-
faces, which is the lift coefficient per unit chord. We recall
that the solution for the lower surface is given by changing the
sign of . Thus we find

Co — Cpu = 472t (vox,x) (30)
Substituting from Egs. (29) gives finally

e | 20K~ (v — )P,
n = O = sren [ L O v +

thfu(z) + 267 S (=N [f, (D) + thfo(T) ]}

n =1

(31)
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The “reduced” amplitude « has been replaced by the actual
amplitude &, the better to illustrate the dependence of Cp —
C,. on the wedge thickness and the amplitude of the unsteady
motion.

Physical Interpretation

Let us now consider, as an example, the pressure p; as given
in Egs. (28). There are two infinite series in the expression,
each of which is made up of functions constant along different
families of characteristic lines. Suppose we wish to evaluate
p1 at point P in Fig. 3. The first series in the expression for
p1 from Egs. (28) contains functions constant along lines such

as AB, given by y — (o + @)z = Cy. The first term of the
series, given by n = 0, represents the pressure disturbance
arriving at P along AB. This disturbance was caused by the
wedge at B. A geometrical calculation will show that y —

(v + agxr = TC, gives the characteristic DC. Thus the
second term, given by n = 1, represents the disturbance from
the wedge at D, which also arrives at P along AB. However,
it has been reflected once from the shock; therefore it is
attenuated by a factor (—\). This series then represents the
contribution to the perturbation pressure at P of all disturb-

ances which arrive along AB. In like manner the other
series sums the contribution of all disturbances arriving along

FE. 1In accordance with acoustic theory, the disturbances
propagate without attenuation except where they are re-
flected from the bow shock wave.

A similar interpretation applies to both v, and p;.  In addi-
tion, the equation for p: has a term that is constant along
streamlines. This term takes into account the effect of the
oscillation on the entropy behind the shock wave.

The effect of an incident Mach wave on a shock wave has
been discussed in Refs. 7, 8, 12, and 13. Chu'? and Chernyi!?
have derived expressions for the attenuation factor (—N\)
which reduce identically to the expression derived herein
when they are written in hypersonic small-disturbance form.
The expression obtained by Eggers and Syvertson® does not
so reduce; however, it is possible fo alter their interpretation
slightly and produce an expression that does. Chernyi and
Eggers and Syvertson have expressions more generally valid
than the one we have derived, and they found that the at-
tenuation factor can change sign. However, this change of
sign occurs for either very large flow deflections or Mach
numbers near unity. Both of these cases are clearly outside
the domain of hypersonic small-disturbance theory.

Comparison with Other Theories

We begin by taking the second-order piston formula from
Ref. 2 and calculating the difference in pressure coefficients
as in Eq. (31). This gives

Cp — Cpu = % et (1 + ”’—;Ll Kb) (o' + ikfa)  (32)

We recall that K is the hypersonic similarity parameter
based on the steady shock slope. It may also be interpreted
as the Mach number of the normal shock wave caused by the
analogous piston, whose Mach number is Kb. As K ap-
proaches unity, the shock wave degenerates to an acoustic
wave, and b approaches zero. Hence K = 1 corresponds to a
wedge of zero thickness, which is still in a hypersonic free-
stream. For such a wedge (or, in other words, for a flat
plate), Eq. (32) becomes

Cor — Cou = drae™*(f,/ + 1kf.) (33)

Note that 7 in this formula could equally well be written as
(M.)Y, since it reduces to the Mach angle in this limit.

We can take into account the existence of a strong bow
shock by interpreting the uniform steady flow field between
the shock and the wedge as an equivalent freestream. This
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freestream is now parallel to the steady surface, and so we
may use the flat-plate solution, Eq. (33). We denote by M,
the Mach number behind the shock wave in steady flow
and write

(Cor = Cou)o = (4/Mo) ae(fu" + ikfu) (34)

Then we correct this expression for the difference in reference
values between the equivalent freestream and the actual one.
We multiply by the ratio of dynamic pressures and obtain

29K* — (v = 1)

— = vetkt
Cp1 Cpu 4rae |:2 + (7 — 1)K2

1/2
] (' + i)
(35)

We notice immediately that this is equivalent to our full
solution, Eq. (31), with A = 0, that is, when reflections
from the bow wave are disregarded. In the strong-shock
approximation (K — «), Eq. (35) becomes

Cor — Cpu = 4rae®[2v/(y — DI'*(f" + ikfs)  (36)

Let us now compare these results with Miles’ formulas, Eqgs.
(2) and (3). We associate Miles’ velocity 5’ with the un-
steady velocity at the wedge surface from Eq. (18). From
Eq. (2) we obtain for his first method

Cn — Cpu = drae™(2v/(y — DIVA(f." + ikfs) (37)
whereas from Eq. (3) we obtain for his second method
Cpl - Cpu = STaeikt(fwl + Zkfw) (38)

We see that Eqgs. (36) and (37) are identical. Therefore we
conclude that Miles’ first method is the proper one for taking
the bow shock wave into account insofar as the solution is
linearized in the amplitude of the unsteady motion. We
emphasize that f, may equally well represent pitching or
plunging of the wedge as a whole, a local perturbation on the
wedge surface, or elastic deformation of the wedge. Our
preference for Eq. (37) is based on its logical relation to Eq.
(31), which gives the most complete solution. By disregard-
ing wave reflections from the bow shock, that is, for A = 0,
we obtain Eq. (35), the corrected piston-theory solution,
from Eq. (31). Examining Eq. (35) for large K reveals its
equivalence to Eq. (37), the solution obtained by applying
Miles’ first method. Finally, as we make the wedge thinner
and thinner, K approaches unity, and we can easily verify
that Eq. (35) reduces to the flat-plate solution from piston
theory, Eq. (33). (In other words, the shock correction dis~
appears, as it should.) We see that there is a logical frame-
work tying these methods together. Miles’ second method,
as illustrated by Eq. (38), is suspect because it does not fit
into this framework.

Example

In order to illustrate these differences, we choose as an

example a rigid wedge oscillating about + = 1. Thus f, =
z — 1, and Eq. (31) becomes
Cpl b Cpu = 4TC_(8“"(L1 + ZLQ) (39)
where
_[2vE2 = (v—-1 ”2[ o \ym
L= [2+(7~1)K2:| P 2 N
{cos[k(@T» — 1z] — k(T'= — 1) sin[k(T» — l)x]}]
_ 2vK2 — (y — 1)]1/2
L, = [———-2 Ty — DE E—1) 4+ (40)

2 21 (—N)" {sin[b(T* —1)z] +

k(T — 1) cos[k(T'» — 1)96]}]
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Fig. 4 In-phase component of unsteady lift coefficient
vs inverse of hypersonic similarity parameter.

We find for Eq. (32) and Eq. (35), respectively,

L= E'+ 3y + Db
(41)
Ly =k(z — 1)1
_ 29K — (y — 1) 1/2
L“[2+@—1)K2} % (42)
Lz = k(x —_ l)Ll

Also of interest is the phase angle between the local lift co-
efficient and the wedge motion, which is given by

P = tan‘l(Lz/LJ (43)

The results are presented in Figs. 4-6 for £ = 0.25 and z = 2,
The “complete” solution is given by Eqgs. (40). Piston theory
is given by Eqgs. (41), and piston theory corrected for the bow
shock is given by Egs. (42).

We observe that correcting piston theory for the effects of
the steady shock wave provides reasonable values for I,
and L; below, say, K = 2; piston theory alone diverges from
the complete solution rather rapidly. The situation with
the phase angle, however, is different. There we find that
the phase angle is affected only if the wave reflections are
taken into account. Since it has been observed that flutter
speeds are not particularly sensitive to variations in the mag-
nitude of the unsteady pressure, it is possible that this change
in the phase will be the most important role played by the
attenuation factor A.

Newtonian Theory

A number of authors (see Ref. 13, for example) have shown
that the attenuation factor approaches unity as vy — 1 ap-
proaches zero. Therefore we would certainly expect that the
differences between corrected piston theory and the complete
solution would increase. As a matter of fact, Cole!* has
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Fig. 5 Out-of-phase component of unsteady lift coef-
ficient vs inverse of hypersonic similarity parameter.
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Fig. 6 Phase shift of unsteady lift coefficient vs inverse of
hypersonic similarity parameter.

shown that Newtonian theory for slender bodies can be
rigorously derived from hypersonic small-disturbance theory.
He introduces two additional parameters,

e=(y—1/(y+1)
44
vy+1 1

- eM 252

N = (v — DM, 2%

The double limit v — 1, M., = o« is implied by requiring that
N be fixed and of order unity as e approaches zero. The hy-
personic small-disturbance flow quantities are expanded in
powers of ¢, and the transverse coordinate is magnified by
dividing by e so that the new coordinate remains of order
unity in the limit. Equations and boundary conditions are
then derived for the first and second approximations. For
our purposes it is only important to note that under these
circumstances Newtonian theory can be viewed as a special
case of hypersonic small-disturbance theory. Hence we
should be able to extract a Newtonian solution from, say,
Eq. (31). All that is necessary is to find K, v, A\, and I' in
terms of N and e.

We choose as an example a rigid wedge oscillating about
the vertex, so that f, = x, and Eq. (31) becomes

IvK2 — — D7ue )
Cpy — Cpu = 4rae [HTIG)] l:l + ikz +

2 S (=N = Dz (1 4 ikl“"x):| (45)
n=1

We begin by computing b = §/7. A quadratic equation
for b is derived from its hypersonic small-disturbance expres-
sion, which is

2 1 2
b_v+1<1—@>=7+1(1~b211) (46)

Here we have written 1/K? as b2/M %% = b2H. From Eq.
(46) we obtain the quadratic equation
y+1, 1

2 — —_— =
b? + i b i 0 47)

with the applicable root given as

_ v+t y+ 1\, 1
b= 4H +[< 4H>+FJ (48

H and « are given in terms of N and e from Eqs. (44):

T=14 2¢ + 22 + 0(e®)
(49)
H = Ne

Substituting in Eq. (48) and expanding gives
b=1— (N4 De+ N@CN 4 3)e2 4+ O(e®)  (50)
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Fig. 7 In-phase component of unsteady lift coefficient
vs inverse of hypersonic similarity parameter.

K is thus given as _
K= M.5/b=(Ne 21 + (N + 1)e —
N2+ N — De+ 0(e®)] (51)

If we now expand the coefficient of the bracketed term in Eq.
(45), we find that

Argeit [2')/1(2 ~(y - 1)]1/2_ 46 ekt
Tl o (v — DR | T IV A+ De

4N?* + 8N + 3 g
[1+W6+0(e)] (52)

For small ¢, this term becomes very large. In this manner we
have found in more formal terms that corrected piston theory,
as given by Eq. (35), becomes invalid in this limit. This dif-
ficulty, we recall, was anticipated in Miles’ paper.

The parameters A and I are written in terms of K and v
with the aid of Egs. (24) and (22). The expansions for K and
« are then introduced, and the resultant expansions for A and
T are

AN=1—4[(N + De]¥2 4 8(N + 1)e —
24N>+ 10N+ 17)
PR S 4 O 2
wrom o T
I'=1—2[(N + De]V2+ 2(N + 1)e —
(N + 1) _1/263/2 _|_ 0(6)2
These expressions are then substituted into the general

term of the series in Fq. (45). Again we expand in powers of
¢ and find for the summation

23 (=1)» [1 + ke — 2n[(V + Deli2 +

n =1
dikr — B2 + 202N + De(d + 14dkz — k22 —

/ -
iksz?) + (N 4 1)—V2ed/2 {n w _

3
2 7 —_
P+ 0 ik |:n MV =D
N? ]
1724 nd (N + 1)2] — k%2 [n4—‘\ +387\7 Tl

S+ 1)2] + s (V + )2 ik

€

g n (N + 1)2k4x4} + 0(62>]
(54)

We are now faced with summing divergent series of the form

> (=D v=0,1,2 3 etc. (55)
n=1
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Fig. 8 Out-of-phase component of unsteady lift coef-
ficient vs inverse of hypersonic similarity parameter.

Clearly, this situation is brought about by the sudden promi-
nence of A and I'; which has destroyed the convergence of the
series. Since the series in its original form from Eq. (45) is
convergent, it would obviously have been better to sum it
first and then expand the sum in terms of the Newtonian
parameters. In the absence of the sum, we are forced to
interchange these processes and expand the series term by
term before summing. Fortunately, it is not difficult to as-
sign sums to series of the form in Eqs. (55). We refer to a
book by Hardy® on divergent series where he shows that one
may obtain a general result for such sums simply by manipu-
lating the expansion of (1 — )~ for £ < 1. Using this re-
sult, we find

- -3 v=20

>, (=D = -1 v =1
n=t 1 y=3 (56)
> (=Dmr =0 v = 2,4, 6, ete.
n =1

Thus we discover that only the leading term plus the terms
that contain odd half-powers of e survive in Eq. (64). In
addition, the leading term in Eq. (54) just cancels the leading
term of the expression in brackets in Eq. (45), leaving as the
first term in the sum a term of order €/2. The subsequent
terms, to any order, go in odd half-powers of e. To get the
final expansion for Cp — Cpy, we must multiply this sum by
Eq. (62), which has a factor of order €/2 in the denominator.
Hence the product of the two gives an expansion in even
powers of e:

Cp1 — Cpu = 4daci*{2 + dikr — k%? + €]2 —
(10N + 8)tkx + 14(N + DLk%? + 3 (V + 1)ik%® —
3NV + it 4+ 0} (57)

This expression is the Newtonian form of Eq. (45). An
identical expression can be found by considering the Newto-
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Fig. 9 In-phase component of unsteady lift coefficient vs
inverse of hypersonic similarity parameter.
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Fig. 10 Out-of-phase component of unsteady lift co-
efficient vs inverse of hypersonic similarity parameter.

nian differential equations and boundary conditions from
Cole’s paper. Since Cole’s work was done only for steady
flow, it is necessary to pose the problem slightly differently by
employing the unsteady analogy in reverse and considering a
distorted wedge in steady flow.

We present the functions L; and L, for the rigid wedge os-
cillating about its vertex in Figs. 7-10. The additional
curve in each case is the Newtonian approximation given by
Eq. (67). The calculations were done atx = 1.5and z = 3.0
to illustrate the rapid deterioration of the Newtonian approxi-
mation with increasing z. Actually, it is not really satis-
factory anywhere on the wedge, although the situation would
certainly improve if ¥ — 1 were less than 0,4. On the other
hand, the approximation for the steady pressure is better.
If we compare the pressure p, from Eqgs. (17) with its two-
term Newtonian approximation, we find that the error ranges
from approximately 14% at K = « to approximately 20%
at K = 2. Thus it would appear that the accuracy of the
Newtonian approximation in steady flow is not necessarily a
basis for predicting its accuracy in unsteady flow. This is
probably due to the linearization in the unsteady amplitude
which embodies an additional perturbation. Of course, we
must admit that the Newtonian representation may not be of
practical value anyway because of other phenomena, such as
thick boundary layers and detached shock waves, which
could cloud the issue.

Conclusions

We see that the bow shock wave plays two roles: first,
it alters the state of the gas into which the analogous piston is

ATAA JOURNAL

moving; secondly, it reflects acoustic waves generated by the
motion of the piston corresponding to the unsteady wedge
motion. In the lower hypersonic range, the latter effect can
be ignored. However, as K increases, it becomes significant,
most likely because of the ensuing shift in the phase of the
unsteady pressure. If a Newtonian representation is de-
sired, Cole’s theory can be used, but v should be less than 1.4
for acceptable accuracy. In this case, reflections from the
bow wave are vital, as was illustrated by finding the Newto-
nian expansion of the solution from ordinary hypersonic flow.
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